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Abstract
The IIB matrix model is one of the candidates for nonperturbative formulation
of string theory, and it is believed that the model contains gravitational degrees of
freedom in some manner. In some preceding works, it was proposed that the matrix
model describes the curved space where the matrices represent differential operators
that are defined on a principal bundle. In this paper, we study the dynamics of the
model in this interpretation, and point out the necessity of the principal bundle from the
viewpoint of the stability and diffeomorphism invariance. We also compute the one-loop
correction which possibly yields a mass term for each field due to the principal bundle.
We find that the correction does generate some mass terms with the supersymmetry
broken, while fields in the original IIB matrix model remain massless. The positivity
is not violated as long as the number of bosonic degrees of freedom is larger than the
fermionic counterpart. The generation of mass terms means that the new mass scale
emerges through the loop correction.
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1 Introduction and Brief Review
Although superstring theory is one of the candidates that include quantum gravity, its per-
turbative formulation seems to lack predictability in the sense that there is no criteria about
the favored choice of the background or the vacuum. Therefore, we need its non-perturbative
formulation or a new framework that includes gravity in a background manner. Among the
various candidates, the IIB matrix model [1, 2] is promising because it can be the constructive
formulation of type IIB string theory. Its action is given by
SIIB = −
1
g2
Tr
(
1
4
[Xˆa, Xˆb][Xˆc, Xˆd]η
acηbd +
1
2
¯ˆ
ΨΓa[Xˆb, Ψˆ]
)
, (1)
where a, b, c, and d are the ten dimensional Lorentz indices. Xˆa and Ψˆ are a ten dimensional
vector and a Majorana spinor respectively, each component of which are also N×N hermitian
matrices. Eq.(1) has the following manifest SO(9, 1) and U(N) invariances:
δXˆa = i
cd(Oˆcd) ba Xˆb, Oˆcd : D-dimensional Lorentz generator (2)
δXˆa = i[Xˆa,Λ], Λ : N ×N Hermitian matrix (3)
In the theory, the Wilson loops are identified with asymptotic string states in the continuum
limit [3, 4], and their Schwinger-Dyson equation (loop equation) represents the time evolution
of strings, including their splitting and joining. In addition to the original IIB matrix model,
many matrix models have been investigated such as its bosonic part alone and its deformation
by adding new terms or matters. In spite of these progresses, the meaning of matrix is not
yet clear, and many interpretations have been proposed so far [5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16]. Among them, the operator interpretation of the matrix model [13, 14] is quite
interesting and promising because curved spaces can be described in the diffeomorphism-
covariant manner. In this interpretation, we interpret the large-N matrices Xˆa’s as linear
operators which act on smooth functions on a given (D ≤ 10 dimensional) manifold M:
Xˆa ∈ End(C∞(M)) (4)
whose operation can be explicitly written as
(Xˆaf)(x) =
∫
dDy Xa(x, y)f(y)
=
(
Sa(x) +
i
2
[A µa (x),5µ]+ +
i2
2
[b µνa (x),5µ5ν ]+ + · · ·
)
f(x)
for ∀f(x) ∈ C∞(M), (5)
where we have expanded the kernel Xa(x, y) by infinite local fields {Sa(x), A µa (x), · · · } and
the covariant derivative5 onM, and [ , ]+ represents anti-commutator to realize hermiticity.
In particular, if we take an ansatz
Xˆa = iea
µ(x)5µ := i5a, Ψˆ = 0 (6)
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as a classical solution where ea
µ(x) is the vielbein, we can show that the equation of motion
(EOM) of the matrix model is equivalent to the Einstein equation. In fact, by substituting
Eq.(6) to the EOM
[Xˆa, [Xˆa, Xˆb]] = 0, (7)
we obtain
[5a, [5a,5b]] = [5a, Rabcd × Oˆcd]
= (5aRabcd) Oˆcd −Rba5a = 0.
∴5a Rabcd = 0, Rba = 0, (8)
where the first equation follows from the second one by using the Bianchi identity. In this
sense, we can actually describe curved spaces by matrices Xˆa’s in the large-N limit. It is
important to note that we have treated the indices a, b, · · · in the above discussion as local
Lorentz indices. Throughout this paper we take the same treatment.
Furthermore, we can also see the diffeomorphism invariance within the original U(N)
symmetry by choosing
Λ =
i
2
[λµ(x), ∂µ]+ (9)
in Eq.(3). For example, Sa(x) and A
µ
a (x) transform as
δSa(x) = i [Λ, Sa] = λ
µ(x)∂µSa(x),
δA µa (x) = −λν(x)∂νA µa (x) + (∂νλµ(x))A νa (x), (10)
which are the usual diffeomorphism transformations in the field theory. Therefore, the matrix
model Eq.(1) can contain all the information of a curved manifold, and be a quantum theory
of gravity.
Actually, the above discussion somewhat lacks precision. In curved spaces, the product
of covariant derivatives cannot be understood as the product of matrices. For example,
supposing Xˆa = i5a and multiplying X1 and X2, we obtain
Xˆ1 · Xˆ2 = −51 52 = −∂1 52 −ω 2c1 5c, (11)
where the the summation of index c runs from 0 to 9. Thus, the right hand side of Eq.(11)
cannot be a simple product of two matrices Xˆ1 and Xˆ2. In order to overcome this situation,
the full operator interpretation treat Xˆa’s as linear operators acting on smooth functions on
the principal bundle Eprin whose base space is M, and fibre is Spin(D − 1, 1) (or Spin(D)
in Euclidean case). The details are reviewed in section 3. Although the result of [13, 14] is
mathematically rigorous, its fully general treatment seems a little difficult because of quite
large degrees of freedom (DOF) of operators acting on C∞(Eprin). In terms of local fields,
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there exist numerous infinite fields which are all massless at the classical level. Therefore, the
stability of the model is in question, and needs to be studied or improved.
In confronting such a situation, it is natural to consider first whether one can modify the
interpretation so that it involves far smaller DOF. In particular, it is worth to investigate
another but similar formulation where the principal bundle need not to be introduced. Such
a formulation should be easy to analyze and control with respect to the stability. We ex-
pect that it can be constructed as long as the space of operators is closed as Lie algebra, at
least around flat space. Although it cannot describe the curved spaces, we can get a feel for
analyzing a dynamics in the operator interpretation. On the other hand, we have to study
the original formulation in detail. When we discuss the stability, the primal issue is whether
the fields become tachyonic due to loop corrections. If there is no tachyonic field found, the
model can be stable in spite of the numerous DOF.
This paper is organized as follows. First, we attempt to construct the new minimal
operator interpretation in the flat space. There the operators act on End(C∞(Rd)), and the
principal bundle is not introduced. Although the local Lorentz flame needs to be fixed by
hand and curved spaces seems no longer to be described, such treatment is still algebraically
consistent. In this case one has to pose an additional condition on the space of operators,
which breaks general diffeomorphism invariance. Then, in section 3 and 4, we consider the
original operator interpretation on a principal bundle. In section 3, we repeat the same
analysis as in section 2 and see that no additional condition is required. This essentially
means the nessesity of the principal bundle for realizing the stability and diffeomorphism
invariance. The latter is often needed for a theory to contain the gravitational DOF. Next,
in section 4, we calculate the one-loop correction to the spectrum of fluctuation. We see
the induced mass terms for each field does not violate positivity of the model, as long as
the number of bosonic degrees of freedom is larger than the fermionic counterpart. Finally,
in section 5, we give summary and discussion. Throughout this paper, we focus on the IIB
matrix model with the Euclidean signature, and first analyze the bosonic part of the model.
2 Minimum operator interpretation of Matrix Model
As we mentioned in Introduction, general components of End(C∞(M)) cannot be understood
as matrices because they are not generally closed under the multiplication or the commutator
[ , ]. However, we can actually construct a set of operators which are closed under those
operations by restricting End(C∞(M)). Among various possibilities, the simplest one is the
set of the first order differential operators:
Xˆa ∈ A =
{
fµ(xˆ)pˆµ + g(xˆ)
∣∣∣ xˆµf(x) = xµf(x), pˆµf(x) = −i ∂f∂xµ , fµ, g ∈ C∞(M)
}
.
(12)
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One can easily check that A is closed under the multiplication and the commutator. A
can also be understood as a set of quantum mechanical operators constructed by xˆµ and
pˆµ = −i∂/∂xˆµ. In the following discussion, we consider the semi-classical limit of those
operators:
(xˆµ, pˆµ) → (xµ, pµ) (13)
[fˆ , gˆ] → −i{f, g} = −i
D∑
µ=1
(
∂f
∂pµ
∂g
∂xµ
− ∂f
∂xµ
∂g
∂pµ
)
, (14)
Tr(· · · ) →
∫
dDx
∫
dDp (· · · ) . (15)
In this limit, the EOM [Xˆb, [Xˆb, Xˆa]] = 0 in the matrix model becomes
1
{Xb, {Xb, Xa}} = 0. (17)
The simplest solution of this equation is Xa = δ
µ
apµ, and this corresponds to the flat spacetime
as does in other interpretations. Now, let us consider the fluctuation around this solution:
Xa = δ
µ
apµ +Aa(x, p)
= δµapµ + fa(x) + fa
µ(x)pµ
≡ eaµ(x)pµ + fa(x), eaµ(x) = δµa + faµ(x). (18)
In the semi-classical limit, the bosonic part of the original IIB action becomes
SIIB = −
1
4g2
Tr
(
[pˆa +Aa(xˆ, pˆ), pˆb +Ab(xˆ, pˆ)]
2
)
=
1
4g2
∫
dDx
∫
dDp Gab(x, p)G
ab(x, p),
(19)
where
Gab(x, p) = {Xa, Xb} = δµa∂µAb(x, p)− δµb ∂µAa(x, p) + {Aa, Ab}. (20)
1As a consistency check, we derive it from the action in the semi-classical limit. As long as the Poisson bracket
satisfies the cyclicity condition ∫
dDx
∫
dDp f{g, h} =
∫
dDx
∫
dDp g{h, f}, (16)
we have
δS =
1
g2
∫
dDx
∫
dDp {Xa, Xb}{δXa, Xb} =
1
g2
∫
dDx
∫
dDp δXa{Xb, {Xa, Xb}}
which coincides with the semi-classical limit of Eq.(7). We can easily check Eq.(16) by assuming that the integral
of the total derivative terms vanish.
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Furthermore, the original U(N) transformation Eq.(3) now becomes 2
δAa(x, p) = {δµapµ +Aa(x, p),Λ(x, p)}
= −δµa∂µΛ(x, p) + {Aa(x, p),Λ(x, p)}, (22)
which leads to the transformation of each fields as
δfa(x) = ea
µ(x)∂µλ(x)− (∂µfa(x))λµ(x),
δea
µ(x) = ea
ν(x)∂νλ
µ − (∂νeaµ(x))λν(x), (23)
where we have also expanded Λ(x, p) as λ(x) + pµλ
µ(x). Here, the first term in δfa corre-
sponds to the gauge transformation, and the other terms correspond to the diffeomorphism
transformations. In particular, it is surprising that we have obtained the correct transforma-
tion low of ea
µ(x) as a vielbein field. Note that the action Eq.(19) is, of course, invariant
under Eq.(22) or Eq.(23) up to a total derivative term:
δSIIB =
1
8g2
∫
dDx
∫
dDp {Gab,Λ}Gab. (24)
Therefore, the EOM Eq.(17) is also invariant under Eq.(22) or Eq.(23).
Let us now consider the dynamics of the fluctuations at the classical level. By substituting
Eq.(18) to Eq.(17), we obtain
2¯abf
b + ∂µf
b
(
∂¯aeb
µ − ∂¯beaµ
)
+ pµ
[
2¯abe
bµ + (∂νe
bµ)
(
∂¯aeb
ν − ∂¯beaν
)]
= 0, (25)
where
2¯ab = ∂¯c · ∂¯cδab − ∂¯a · ∂¯b, (26)
∂¯a = ea
µ∂µ. (27)
Note that ∂¯a’s do not commute each other because of ea
µ. Eq.(25) holds for arbitrary pµ, so
it is equivalent to the following two equations{
2¯abf
b + ∂µf
b
(
∂¯aeb
µ − ∂¯beaµ
)
= 0,
2¯abe
bµ + (∂νe
bµ)
(
∂¯aeb
ν − ∂¯beaν
)
= 0.
(28)
From these equations, one can see that there is no suitableD-dimensional action that produces
those EOMs because the second one has no fa dependence. This fact means that we should
2This gauge symmety does exist as long as the Poisson bracket satisfies the Jacobi identity
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0. (21)
The Poisson bracket in this section (14) satisfies it.
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not expand Xa(x, p) by pµ at the action level, and that we should treat the stationary point
of the action Eq.(19) with respect to the matrices Xa(x, p).
Now let us study how many DOF remain at the liberalized (free) level:{
(2δab − ∂a∂b) f b = 0, δfa = ∂aλ− (∂µfa)λµ,
(2δab − ∂a∂b) f bµ = 0, δfaµ = (δνa + fνa )∂νλµ − (∂νfaµ)λν ,
(29)
where ∂a = δ
µ
a∂µ and 2 = ∂
µ∂µ are the ordinary differential and d’Alembert operator,
respectively. As for fa, this is completely the same as the ordinary gauge field. Thus, by
choosing the Lorentz gauge, its EOM, gauge condition, and residual symmetry are given by
2fa = 0, ∂af
a = 0, δfa = ∂aλ, 2λ = 0, (30)
from which one can see that only two physical DOF remain. Next, as for fa
µ, we can also
choose a Lorentz-like gauge
∂af
aµ = 0 (31)
by using the diffeomorphism. As a result, we obtain the following EOM, gauge condition and
residual symmetry:
2fa
µ = 0, ∂af
aµ = 0, δfa
µ = ∂aλ
µ, 2λµ = 0 (32)
The above gauge conditions for fa and faµ are summarized with a condition for Aa:
{pa, Aa(x, p)} = 0, (33)
which fixes the original U(N) gauge symmetry.
In order to discuss physical DOF, let us move to the Fourier component f˜a
µ(k). In the
light cone coordinate, we can choose k = (k+, 0, 0, 0) without loss of generality. Then, the
gauge fixing condition and the residual symmetry give
f˜−µ = 0, f˜+µ = 0, (34)
so the remaining DOF are
f˜ i+, f˜ i−, f˜ ij (i = 1, 2). (35)
The first two are vectors, and the third one coincides with the massless states of bosonic
closed string theory: graviton, Kalb-Ramond field and dilaton. In the presence of both f˜ i+
and f˜ i−, the theory violates positivity and is unstable.3 However, we can eliminate f˜ i− by
assuming the following additional condition:
∂µf
aµ = 0, (36)
3 Although we are treating the Euclidean matrix model, the above analysis also applies to the Lorentzian model
straightforwardly. In this sense we refers to the stability here.
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which leads to a condition for the diffeomorphism transformation:
∂µλ
µ(x) = 0 ⇔ δfaa = 0. (37)
The second equation means that the metric fluctuation is traceless, so the above transforma-
tion is the volume-preserving diffeomorphism. Note that the condition Eq.(36) is consistent
with the commutator. Consider{
fa
µpµ, gb
µpµ
}
= pµ [(∂νfa
µ)gb
ν − (∂νgbµ)faν ] ≡ pµFabµ, (38)
then Fab
µ also satisfies
∂µFab
µ = 0 (39)
if fa
µ and gb
µ satisfy ∂µfa
µ = ∂µgb
µ = 0.
3 Operator Interpretation with Principal Bundle
In the previous section, we have considered the simplest possibility, namely Xˆa ∈ A. The
symmetry in that case is the volume-preserving diffeomorphism, not the general one (we refer
to diffeomorphism which is not restricted to volume-preserving one as general diffeomor-
phism). There are a number of works to discuss the gravitational system that possesses only
the volume-preserving diffeomorphism. It is sometimes called the unimodular gravity[17].
That theory is equivalent to the general relativity in many aspects and is a reasonable grav-
itational system. However, there seems to be no way to define the restriction Eq.(36) in
terms of matrices. Therefore we have to consider the result of the previous section unsatis-
factory in the viewpoint of the matrix model. Furthermore, the local Lorentz transformation
that act on the indices a, b, · · · is not given explicitly. Both of the problem suggest that the
treatment in the previous section lacks some piece in order to contain gravitational DOF. On
the other hand, the description proposed in [13, 14] includes the local Lorentz and general
diffeomophism symmetries as a part of the original U(N) symmetry Eq.(3) In this section
we repeat the same analysis as in the previous section using this description. Although the
result itself is trivial, it demonstrates the advantage of the principal bundle, that plays an
essential role in the description.
First, we briefly review the essential point of the principal bundle description. The diffi-
culty mentioned in section 1 can be resolved by considering operators such as
∇˜(a) ≡ R b(a)(g−1)∇b, (40)
which act on C∞(Eprin). Here, R b(a)(g
−1) is the matrix element of the vector representation
of Spin(D), and ∇b is the usual covariant derivative. Note that the above operator is a scalar
operator, i.e. an operator which is globally defined on the curved manifold M for each (a).
One can actually check this by the following way: Suppose that Ui’s are local patches forM,
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tij(x) is the transition function on Ui ∩Uj , and ∇[i]b is the covariant derivative defined on Ui.
Then for the overlap region Ui ∩ Uj we have
∇˜[i](a) = R b(a)(g−1)∇
[i]
b
= R b(a)(g
−1)R cb (tij(x))∇[j]c
= R b(a)((tij(x)g)
−1)∇[j]b
= ∇˜[j](a). (41)
This relation involves no operation on the subscript (a). One can also check that the operator
(40) belongs to End(C∞(Eprin)). Therefore, if one interpret matrices as operators which have
indices in parentheses
Xˆa = X(a)(x, i∇˜, g, Oˆ), (42)
their multiplication rule is the same as that for matrices. For example, if one take the
operators as Xˆ(a) = i∇˜(a), then
Xˆ(1) · Xˆ(2) = −∇˜(1)∇˜(2) (43)
in contrast to Eq.(11). So, any operators constructed from i∇˜ can be understood as matrices,
and they form a quite large set of operators in general.
In order to consider the semi-classical limit, we need to define the Poisson bracket on the
phase space of the principal bundle. Note that we also have the derivative operator Oˆab in
addition to pˆµ, and they are replaced with c-numbers in the semi-classical limit:
pˆµ → pµ, Oˆab → tab. (44)
For the base space directions (x, p), it is natural that we employ the same Poisson bracket
as Eq.(14). Furthermore, it seems reasonable to assume that there is no nontrivial Poisson
structure between the (x, p) and (g, t) directions. For the fibre directions (g, t), we shall
define the Poisson bracket naturally from the algebraic structure of Spin(D). As a result,
the nonzero components of the Poisson bracket are given by
{pµ, xν} = δ νµ ,
{ts, gij} = i(Msg)ij , {ts, tt} = ifstutu. (45)
where gij is an element of Spin(D) in fundamental representation
4 andMs is the fundamental
representation of Oˆs. In these expressions, the subscript s represents antisymmetric double
local Lorentz indices [ab]. For example, the last equation of Eq.(45) actually means {tab, tcd} =
4Even though some constraint is posed on {gij} so that g ∈ Spin(D), the Poisson bracket (45) is well-defined.
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i[(Mab)ceted + (Mab)detce], where Mab is the vector representation of Oˆab. Using Eq.(45), we
can write the Poisson bracket of general functions on the principal bundle as
{f, h} ≡ ∂f
∂pµ
∂h
∂xµ
− ∂f
∂xµ
∂h
∂pµ
+ i(Msg)ij
(
∂f
∂ts
∂h
∂gij
− ∂f
∂gij
∂h
∂ts
)
+ ifstuts
∂f
∂tt
∂h
∂tu
. (46)
This Poisson bracket satisfies the cyclicity condition Eq.(16) and the Jacobi identity Eq.(21).
The important point of the analysis is to take into account the factor R b(a). For general
functions F(a) = R(a)
cFc and H(b) = R(b)
dHd, their Poisson bracket becomes,
{F(a), H(b)} = R c(a)R d(b)
[
{Fc, Hd}+ i(MsF )c∂Hd
∂ts
− i∂Fc
∂ts
(MsH)d
]
. (47)
In particular,
{p(a), H(b)} = R c(a)R d(b)
[
∂cHd + i(Msp)c
∂Hd
∂ts
]
≡ R c(a)R d(b)DcHd. (48)
We have introduced the twisted derivative Dc by the above equation.
Let us now consider the fluctuation around the flat background p(a) = R(a)
b(g−1)δµb pµ:
X(a) = p(a) +A(a)
= R b(a)(g
−1)
[
δµb pµ +Ab(x, p, g, t)
]
= R b(a)(g
−1)
[
δµb pµ + fb(x, g) + f
µ
b (x, g)pµ + ω
s
b(x, g)ts
]
≡ R b(a)(g−1)
[
e µb (x, g)pµ + fb(x, g) + ω
s
b (x, g)ts
]
. (49)
Here, in the third and firth lines, we have restricted Ab(x, p, g, t) to be first order in (p, t).
This restriction is algebraically consistent because the Poisson bracket is closed among the
first-order operators in (p, t). The semi-classical limit of the original action then becomes
SIIB =
1
4g2
∫
dq {X(a), X(b)}{X(a), X(b)}
=
1
4g2
∫
dq G˜abG˜
ab, (50)
where ∫
dq ≡
∫
dDx
∫
dDp
∫
Spin(D)
dg
∫
Rd(d−1)/2
dt, (51)
G˜ab = DaAb −DbAa + {Aa, Ab}+ i(MsA)a∂Ab
∂ts
− i∂Aa
∂ts
(MsA)b. (52)
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Note that indices contracted outside the Poisson bracket can be replaced with ones without
parentheses due to the orthogonality of R(a)
b(g−1). Of course this action is invariant under
the gauge transformation written as
δA(a) = {Λ(x, p, g, t), p(a) +A(a)}, (53)
which is equivalent to the transformation
δAa = −∂aΛ− i ∂Λ
∂ts
(Msp)a + {Λ, Aa} − i ∂Λ
∂ts
(MsA)a. (54)
In terms of expanded fields in Eq.(49), and the expanded gauge parameters
Λ(x, p, g, t) = λ(x, g) + λµ(x, g)pµ + λ
s(x, g)ts, (55)
the transformation lows are summarized as follows:
• “U(1)” gauge transformation
δfa = −e µa ∂µλ− iω sa (Mˆs · λ),
δe µa = 0,
δω sa = 0.
(56)
• “Diffeomorphism” transformation
δfa = λ
µ∂µfa,
δe µa = −e νa ∂νλµ + λν∂νe µa − iω sa (Mˆs · λµ),
δω sa = λ
µ∂µω
s
a .
(57)
• “Local Lorentz” transformation
δfa = iλ
s(Ms f)a + iλ
s(Mˆs · fa),
δe µa = iλs(Ms e
µ)a + iλ
s(Mˆs · e µa ),
δω sa = −e µa ∂µλs + iλtfstu ω ua − iλt(Mt ω s)a + iλt(Mˆt · ω sa )− iω ta (Mˆt · λs).
(58)
Here, we have introduced an operator Mˆs, which is defined as
i(Mˆs · f)(x, p, g, t) ≡ ∂
∂s
f(x, p, ei
tMtg, t)
∣∣∣
=0
. (59)
Choosing the specific gauge parameters, which is independent from gij , these transformations
are the exact U(1) gauge, diffeomorphism and local Lorentz transformations, respectively.
If one expands each field according to Peter-Weyl theorem:
f(x, g) =
∑
r:irr.rep.
R
〈r〉j
i (g)f
〈r〉i
j (x), (60)
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the operation of Mˆs is equivalent to infinitesimal transformation for each representation:
(Mˆs · f)(x, p, g, t) =
∑
r:irr.rep.
M
〈r〉k
s i R
〈r〉j
k (g)f
〈r〉i
j (x), (61)
where i, j, k are identified to be local Lorentz indices.
Now we focus on the dynamics of the system which has no g-dependence. Here we identify
ω sa to the spin connection. The EOM are given by
{X(b), {X(b), X(a)}} = 0. (62)
We shall restrict the space of the operators as much as possible, posing on e µa and ω sa the
metricity condition:
∇µe νa = 0, (63)
and assume that ω sa is torsion-free. In other words, we consider the first-order differential
operators which contains only fa and e
µ
a as the independent DOF. The space of such operators
is closed with respect to the ordinary commutator. From these two condition one can deduce
the following formula:
∂ae
µ
b − ∂be µa + ω cab e µc − ω cba e µc = eµaeνb (Γλµν − Γλνµ) = 0. (64)
The linearized EOM are then
∂bF
ab = 0,
2fµa − ∂a∂bfµb + ∂bω sb (iMs) µa − ∂bω sa (iMs) µb − (∂bω sa − ∂aωb,s)(iMs) µb = 0,
2ω sa − ∂a∂bω sb = 0.
(65)
However, by using Eq.(64) and the explicit form of the vector representation matrices (iMs)
d
c =
(iMab)
d
c = δacδ
d
b − δ da δbc, one can derive an equation:
2fµa − ∂a∂bfµb + ∂bω sb (iMs) µa − ∂bω sa (iMs) µb = 0. (66)
Therefore the second equation of Eq.(65) falls into a simple equation
∂bω µab (e)− ∂aωb µb (e) = 0, (67)
and the third equation of Eq.(65) is not independent from the second. Consequently, the
EOM for the spacetime fluctuation is given by
1
2
2h µa −
1
2
(∂a∂
bhµb + ∂
µ∂bhba) +
1
2
∂a∂
µδbνh
ν
b = 0, (68)
h µa = f
µ
a + f
µ
a. (69)
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One can easily see that Eq.(68) is equivalent to the usual linearized Einstein equation, through
combining it with its own trace part.
Looking over the above equations, we find that the crucial point is that the dynamics of
the vielbein f µa emerges only through the spin connection ω sa in contrast to the previous
section, where there is no cancellation in the explicit kinetic terms for f µa . Furthermore,
Eq.(68) shows no dynamics of the antisymmetric part of f µa . This is not a problem since the
local Lorentz transformation should be used to make the local Lorentz frame parallel to the
coordinate system, which means f µa is made symmetric.
Once we set e µa = e
µ
a, we need not pose further extra conditions, because the condition to
eliminate the unstable mode Eq.(36) is automatically satisfied through gauge-fixing condition
for the diffeomorphism Eq.(31). In this case, the theory is stable and the dynamical variables
independent of the fibre coordinates g are the U(1) gauge field and the pure vielbein, only.
Therefore we have showed that the theory is stable without any additional condition, as
expected in the previous work. This feature suggest that the principal bundle is essential for
equipping general diffeomorphism in the operator interpretation.
4 One-loop corrections and induced mass terms
We have confirmed that the original description with the principal bundle is minimal possibil-
ity to contain gravity in the operator interpretation. Then it is necessary to study quantum
correction to that model. In this section, we investigate some mass term induced by loop
diagrams and see that the theory is still stable. We compute one-loop corrections to the
action Eq.(50) and its supersymmetrized version, and read off the mass term for each field.
In order to compute one-loop corrections, one should confront a problem of constructing
the propagator. It is unclear whether one can define the propagator 1/D2a with Eq.(48),
because Da has the explicit dependence on the coordinates (x, p). Instead of directly define
1/D2a, we transform the coordinates and redefine functions as
ts → t˜s = ts − ixµδaµ(Ms) ba δ νb pν , (70)
X(x, p, g, t)→ X(x, p, g, t˜ ). (71)
For the redefined functions with indices, the Poisson bracket Eq.(46) changes to the following
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form:
{F(a), H(b)} −→ {F(a), H(b)}′
= R c(a)R
d
(b)
[
∂Fc
∂pµ
∂Hd
∂xµ
− ∂Fc
∂xµ
∂Hd
∂pµ
+ i(Msg)ij
(
∂Fc
∂t˜s
∂Hd
∂gij
− ∂Fc
∂gij
∂Hd
∂t˜s
)
+ ifstut˜s
∂Fc
∂t˜t
∂Hd
∂t˜u
− i(Msp)µ∂Fc
∂pµ
∂Hd
∂t˜s
− i(xMs)µ∂Fc
∂t˜s
∂Hd
∂xµ
+ i(Msp)µ
∂Fc
∂t˜s
∂Hd
∂pµ
+ i(xMs)
µ ∂Fc
∂xµ
∂Hd
∂t˜s
+i(MsF )c
∂Hd
∂t˜s
− i∂Fc
∂t˜s
(MsH)d
]
. (72)
In particular, DcHd → ∂cHd, and thus we can define the propagator for Aa(x, p, g, t˜ ). For
convenience, we will write the new coordinates t˜s as ts in the following.
4.1 one-loop computation for the bosonic action
Now let us compute the loop corrections to the action Eq.(50) with the background field
method. We consider the quantum fluctuation of Aa. Expanding Eq.(50) as
Aa → Aa + φa, (73)
and adding the gauge-fixing terms, we obtain
S =
∫
dq
[
1
2
∂aAb∂
aAb − 1
2
∂aAa∂
bAb +R
c
(a)R
d
(b) ∂cAd{A(a), A(b)}′ +
1
4
{A(a), A(b)}′{A(a), A(b)}′
+
1
2
∂aφb∂
aφb +R c(a)R
d
(b) (∂cφd − ∂dφc){φ(a), A(b)}′ +
1
2
R c(a)R
d
(b) (∂cAd − ∂dAc){φ(a), φ(b)}′
+
1
2
{φ(a), A(b)}′{φ(a), A(b)}′ −
1
2
{φ(a), A(b)}′{φ(b), A(a)}′ +
1
2
{φ(a), φ(b)}′{A(a), A(b)}′
−b2c+R c(a)∂cb{A(a), c}′
]
. (74)
Here we have taken the Feynman gauge, and introduced the Faddeev-Popov ghost c and
anti-ghost b. Because we are interested in the induced mass terms for Aa, we calculate loop
corrections with a condition
∂aAb = 0. (75)
It is convenient to introduce the ”momentum variables” (k, r, h, u), which are dual to (x, p, g, t),
and an operator (Ms) ba , which is defined as
(iMs ·A)a(p, g, t) = ∂
∂s
[
(e−i
tMtA)a(e
ivMvp, ei
wMwg, ei
1
2
w
′Madj
w′ t)
] ∣∣∣
=0
, (76)
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where Madj∫ is the adjoint representation of Os. With these preparation, one can read off
the propagators and the vertices from Eq.(74). The factors needed for the calculation are
bellows:
〈φa(k, r, h, u)φb(−k,−r,−h,−u)〉 = δab
k2
, (77)
〈b(k, r, h, u)c(−k,−r,−h,−u)〉 = 1
k2
, (78)
= i
[
(k · r¯){kbδac + kaδbc − 2kcδab} − {kbus(Ms) ce δae + kaus(Ms) ce δbe − 2(k ·Ms)cδab}
]
,
(79)
=−
[
(k · r¯)2(2δabδcd − δadδbc − δacδbd)
− usut{2δabδef (Ms) ce (Mt) df − δaeδbf (Mt) de (Ms) cf − δaeδbf (Mt) ce (Ms) df }
]
, (80)
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Figure 1: One-loop diagrams needed for the calculation of induced mass terms.
= i [−(k · r¯)kc + us(k ·Ms)c] . (81)
By calculating the one-loop diagrams (Fig.1), we obtain the mass terms induced in the
effective action:
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Γ
∣∣∣
mass
= − 1
g2
d− 2
d+ 2
∫
dq
[
α
(
∂Ab
∂pa
)2
− α4
d
(
∂Aa
∂pa
)2
− β 2(d− 2)
d2
((Ms ·A)a)2 + γ
(
∂Aa
∂ts
)2]
,
= − 1
g2
d− 2
d+ 2
∫
dq
[
α{x(a), p(b) +A(b)}2− α
4
d
{x(a), p(a) +A(a)}2
−β 2(d− 2)
d2
{ts, p(a) +A(a)}2 + γ{gij , p(a) +A(a)}2
]
, (82)
α =
∫
ddkddrdhdd(d−1/2)u
(2pi)d+d+d(d−1)/2
, β =
∫
ddkddrdhdd(d−1/2)u
(2pi)d+d+d(d−1)/2
u2
k2
, γ ∝
∫
ddk
1
k2
Tr(MsMs).
(83)
The second equality holds up to unimportant constant. Since α, β and γ are divergent,
we need to take the cutoff regularization. Also note that the meaning of γ is somewhat
ambiguous and its numerical factor is not determined. However, Ms’s can be regarded as
a sort of angular momentum operators. It is then natural to consider γ as the sum of the
eigenvalues of their Casimir operator, along with the momentum integral.
The EOM with gauge condition is now changed as
2Aa + α
2(d− 2)
d+ 2
(
∂
∂pb
)2
Aa − α8(d− 2)
d(d+ 2)
∂
∂pa
(
∂Ab
∂pb
)
− γ
(
∂
∂ts
)2
Aa
−β 4(d− 2)
2
d2(d+ 2)
(MsMs ·A)a = 0, (84)
∂aA
a = 0. (85)
To derive the above equation, one has to be careful to take variation of ((Ms · A)a)2. As
mentioned above, (Ms) ba is equivalent to angular momentum operator, and its operation is
multiplying the corresponding generator to all the indices of the field. Therefore it should be
identified to be the derivative with respect to fibre direction, and one obtains in the action
((Ms ·A)a)2 = −Aa(MsMs ·A)a by partial integration.
One can analyze Eq.(84) by expanding Aa. Note that the three terms in the first line in
Eq.(84) vanish since we have restricted Aa to be first order in p and ts. From the last term
in Eq.(84), we get mass terms for each field component. While Ma can be interpreted as the
derivative with respect to the fibre coordinates, it is the generators of Spin(D) and (Ms)2 is
the Casimir operator. Consequently, each field arising from P-W expansion Eq.(60) gets the
positive mass squared, the value of which is the eigenvalue of the Casimir operator according
to the representation. The important point here is that a field of any nontrivial representation
of Lorentz group, which has implicit g-dependence, acquires a mass term. This means that
vielbein fluctuation f µa (x) get massive as well, even though it has no explicit g-dependence.
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4.2 Including the fermionic sector
The above result seems to be quite bad news for us, since there is no gravitational field when
one take into account the quantum correction. However, the original IIB matrix model has
the fermionic sector as well, and it is possible that its quantum correction drastically changes
the result, as is the case in most supersymmetric theories. Therefore, we shall repeat the same
analysis as above on the action obtained from the full IIB matrix model. In this subsection,
we write the essence of the analysis briefly.
The action corresponding Eq.(74) is now
S = S|bos + 1
2
ψ¯TCΓa∂aψ +
1
2
(ψ¯TCΓ(a))(α){A(a), ψ(α)}′, (86)
where S|bos is the bosonic part Eq.(74), Γa is the d-dimensional gamma matrix and C is
the charge conjugation matrix. One can easily check that the Eq. (86) is obtained as the
semi-classical limit of the IIB matrix model Eq.(1). The new parts needed for computing
loop diagrams is bellow:
〈ψα(k, r, h, u)ψβ(−k,−r,−h,−u)〉 = i(/kC
−1)αβ
k2
, (87)
= i
[
(k · r¯){kbδac + kaδbc − 2kcδab} − {kbus(Ms) ce δae + kaus(Ms) ce δbe − 2(k ·Ms)cδab}
]
,
(88)
Using them, we compute the loop diagrams containing a fermion loop (Fig.2) , and obtain
the induced mass terms in this case:
Γ
∣∣∣
mass
= − 1
g2
1
d+ 2
(
(d− 2)− 2[d/2]−κ
)∫
dq
[
α
(
∂Ab
∂pa
)2
− α4
d
(
∂Aa
∂pa
)2
− β 2(d− 2)
d2
((Ms ·A)a)2
]
,
(89)
κ =
{
1 (for the Majorana fermion)
2 (for the Majorana-Weyl fermion)
. (90)
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Figure 2: The additional loop diagram. The loop is of Majorana fermion.
From this induced mass term, we conclude that all of the fields, including the vielbein, remain
massless in the IIB matrix model (d=10).
5 Summary and discussion
In this paper, we have analyzed the stability of the matrix model in the operator interpre-
tation, which is originally proposed in [13, 14]. We have shown that the principal bundle is
essential for both the general diffeomorphism invariance and stability. We further have shown
that the mass terms induced by loop correction do not violate the stability. In section 2, we
have analyzed the possible minimal case, where the fundamental fields are the U(1) gauge
field and vielbein, along with the Kalb-Ramond and dilaton fields. Although the model is
algebraically consistent, we have to choose the local Lorentz frame by hand and the general
diffeomorphism invariance is lost by requiring an additional restriction Eq.(36), which seems
unnatural in terms of matrices. In section 3, we have introduced the principal bundle as was
done in [13, 14], and have seen that the model indeed contains the gravitational field. There,
in the explicit g-independent sector, fa(x) is the U(1) gauge field and e µa (x) is identified
to the vielbein itself. On the other hand, ω sa (x) represents the spin connection which is
assumed to be written in terms of e µa . Finally in section 4, we have explicitly calculated
the loop corrections by using the semi-classical limit, and have seen that the gauge field fa
and the vielbein fluctuation f µa remain massless in the IIB matrix model, while they acquire
mass terms in the absence of supersymmetry. In particular, the positivity of the theory is
not violated when the supersymmetry is broken in the manner that the number of bosonic
degrees of freedom is larger than the fermionic counterpart.
There still remain some open questions. First of all, the metricity condition does not seem
to be obtained naturally from the theory, although a consistent description was obtained
by assuming it. The condition is often crucial, because it can vary the order of EOM for
fundamental variables (for example, the EOM obtained from a gravitational action with
quadratic curvature is forth-order in terms of the metric but second-order in terms of the
spin connection). It is interesting to construct the model which yields the metricity condition
as EOM or consistency condition. Secondly, we have studied the model at linearized level
in the operator interpretation. While one can find the gravitational DOF, i.e. the massless
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field which can be identified to vielbein fluctuation, it is still unclear whether it mediates
the real gravitational interaction. In the original interpretation[1], the correct gravitational
interaction is realized due to supersymmetry. Our result has the same feature as that work,
from the viewpoint that supersymmetry realizes gravity. It is then valuable to discuss the
operator interpretation at nonlinear level, and to compare scattering amplitudes with those
in the original interpretation or other theories of gravity. Another important question is the
detail of the generation of the mass scale. A new scale emerging through radiative correction
is often discussed in the context of classically conformal systems. the connection between
them and the matrix model is worth investigating.
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